12 The Wave Equation 



The wave equation in one space and one time variable is 

(Pu (Pu „ ,^ ^ , ^ 

___ = 0, „:(E„E,)-M 

Theorem. ///o,/i G C°°{Rx), 3'm G ^"^(IR^ J satisfying the wave equation with the initial 
conditions u{0,x) — fo{x) and dxu{0,x) — fi{x), Vx e M. 

Proof. We can write all solutions of the wave equation as u{t, x) — (f{t + x)+ip{t — x) where 
u e C°^(R2) and (p,^l) e C~(M). 

U u{t,x) — (f{t + x) +ip{t — x) obviously 

Conversely if we have ^ — ^ = 0, u : (M.^, Mj) — » M then consider 

du du 

then 

dv d'^u d^u dv d^u d^u 



9i df^ dtdx' dx dtdx dx^ 

dv dv^ 

dt dx ' 



then by the equality of mixed derivatives, ^ = f^- If we define v{t,x) = ^{s,r) where 



s — t + X and r — t — x, then 

dv dip ds dip dr dip dip 

dt ds dt dr dt ds dr 

dv dip ds dip dr dip dip 

dx ds dx dr dx ds dr 

if dv/dt — dv/dx then dip/dr — 0. So </? is only a function of s, so it is a function oi t + x. 
So V = du/dt + du/dx = ip{t + x). If $' = (/? then u = + satisfies that equation. So 
if wc let u = ipi{t + x) + u' then du' /dt + du' /dx = 0. If we apply the same argument with 
the signs switched then u' = ip{t — x), and so u = ipi{t + x) — ip{t — x). 
Now the initial conditions: 

u{0)^ip{x)+tP{-x)^fo 

Fill 

^(0,x) = (^'(x)+V^'(-x) = /i 
If we differentiate the first equation we get ip'{x) — ip'{—x) — /q then 

v'i^) = lih + /o) ^'(^) = liM-^) - /o(-^)) 
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If we take the following it solves the equation 

'Pix) = £ ^{h + f^)dx 

Exercise (f + ip is not unique, but u is unique. 
12.1 Fourier Series solutions 

Prom the uniqueness of u if /o and /i are both 27r-periodic then 

fi{x + 27r) = fi{x), Va; e M ^ u{t, x + 2Tr) = u{t, x), Vt, a; G 
Because the equation is translation invariant, u{t,x) — u{t, x + 27r) satisfies 

^) = ^(^' ^ + 27r), -w-dt. x)^—M,x + 27r) 



□ 



dt"^ ' ' ' ' dx 

u{0,x) = fo{x + 27r). 

Now, we can expand the solution in the fourier series 

Ck{t) — J^^u{t,x)e~^^''dx 
when we combine our wave equation condition with d'^u/dt^ = d^u/dx^ with the below, we 

Integrate by parts (there are no boundary terms by periodicity) and this is 

/ u{t, x)^e-'''^dx = -k'' f u{t, x)e-'''^dx = -k''ck{t) 
J-TT dx J_^ 

So the Fourier coefficients of u{t,x) with /o,/i are 27r-periodic (initial conditions/driving 
system 27t periodic) satisfy 

(^ + *=)c.W^O 

So the general solution for the Fourier coefficients are of the form Ck{t) = Ofce'**^ + 6^6"'*'^. So 
if the initial data is 27r-periodic and smooth, then the solutions are 27r periodic in t (as well 
as space). 
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Now to solve for ak,bk- 



Cfe(0)=/ u{0,x)e-'^'dx^ I fo{x)e-'^'dx ^ Ckifo) 



-ixk , 



4(0) = |c,(0)= r^{0,x)e-'dx 



but Cfe(O) = ak + bk and c'^(O) = ia^ — ibk, and so the coefficients are 

«fe = \ickio) + ^4(0)), = \ick{o) ^ ^4(0)) 

and for A; = 0, Cfc(O) = Oq and 4(0) = bo. And the solution is 27r-periodic in t if and only if 
^0 = Jl^fi{x)dx = 0. 

So now we have 2 ways of solving the equation for 27r-period input data 

1. By using u{t, x) = ip{t + x) + ip{t — x). 

2. If we set 

«fe - r foe-'^^'dx, = r he-'^'dx 

J —TV «/— TT 

then the Fourier series solution is 



u{t, x) 



-E 



' V ' 



0-k 



k=0 term 



Note: k"^ are the eigenvalues of 4^ on [—n,n]. 
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